Abstract. In this paper we present a family of complete nonorientable highly symmetrical minimal surfaces with arbitrary topology and one end. For each topology we construct the most symmetrical example with one end. Furthermore, if the Euler characteristic of the closed associated surface is even, our examples minimize the energy (or the degree of the Gauss map) among the surfaces with their symmetry, topology and one end. Finally, we characterize these surfaces in terms of their topology, symmetry, total curvature and number of ends.
If m=1, Theorem A degenerates in the corresponding theorem proved in [13] , and so we have only one surface S n = S k satisfying above result. If m = 1, Theorem B becomes the corresponding Theorem proved in [13] . Both Theorems A and B are a summary of the main results of existence and uniqueness included in Sections 3 and 4.
Preliminaries.
In this section we give a brief review on some results about complete minimal surfaces of finite total curvature. Let x: M ,! R 3 be a minimal immersion of a surface M in three dimensional Euclidean space. Write C(M) the total curvature of x. Using isothermal parameters, M has a conformal structure in a natural way. When M is orientable, we label ( g, ) the Weierstrass data of x. Remember that the Gauss map g of x is a meromorphic function on M, and is a holomorphic 1-form on M (for more details see [16] ).
Moreover, x = Real (1 , g 2 ), 2 = i 2
(1 + g 2 ), 3 = g (1) are holomorphic 1-forms on M satisfying
In particular, j ; j = 1, 2, 3 have no real periods on M.
Consider now x 0 : M 0 ,! R 3 a minimal immersion of a nonorientable surface M 0 in If ( g, ) represents the Weierstrass data of x = x 0 , it is not hard to deduce that:
Conversely, given (M, g, ) the Weierstrass representation of a minimal immersion x of an orientable surface M in R 3 , and given I: M ! M an antiholomorphic involution without fixed points on M satisfying (3), then x induces a minimal
Weierstrass data of x 0 . For more details see [14] .
In the remainder of this section, in both orientable and nonorientable cases, we suppose M complete and C(M) ,1. Under these assumptions, R. Osserman proved (see [16] ) that M is conformally diffeomorphic to a compact Riemann surface M punctured in a finite number of points fP 1 , : : : , P r g and ( g, ) extends meromorphically to M. Therefore, g has well-defined degree and
In the nonorientable case, we have stronger restrictions on the topology of M 0 (or M). Meeks [14] showed that the Euler characteristic (M) of M and C(M)=4 are congruent modulo 2.
Jorge and Meeks [7] proved that the asymptotic behavior of x around an end P i is determined by the number:
where ord ( j , P i ) is the pole order of j at P i .
Moreover,
In the nonorientable case, I extends meromorphically to M and we have:
is a compact nonorientable conformal surface. So, the Jorge-Meeks formula can be reformulated as follows:
In this paper the group consisting of those isometries which are restrictions of rigid motions in R 3 leaving x(M) invariant is expressed by Sym(M).
We conclude these preliminaries by giving a technical result which we will need during the process of proving Theorems 1 and 2. This Theorem is easily obtained using Sturm's Theorem and it bears relation to the number of roots on an interval for a polynomial function p(x). 
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Existence theorems.
In this section, we show new examples of complete nonorientable minimal surfaces of Enneper type (that is, with only one end), arbitrary topology and large symmetry group. In fact these surfaces together with those exhibited in [13] contains the most symmetric example for each topology (see Section 4) . [13] ). Suppose a odd and let I 1 , I 2 denote the antiholomorphic involutions without fixed points defined as follows:
and when k is even: Note that J has order mk and S is an involution. Hence, the group generated by J and S is isomorphic to the dihedral group D(km) with 2mk elements, and 
A convenient homology basis of M k m r , k 2, m 3, m odd can be constructed as follows. Let c 1 (t), c 2 (t) be two oriented differentiable curves in the w-plane illustrated in Figure 1 for r 0.
We suppose c 1 (0) = " 1 , c 2 (0) = " 2 where " 1 , " 2 2 R and r 1=m " 
.
If k is even, I
2 ( 1 ) = (J Proof. The winding number of the simple closed curve d 1 (t) = w(I 1 (c 1 (t))) = (1), (2) and (3) 
Thus, what remains to be done is to prove that:
Taking 1 , 2 as in Lemma 1, remember that the set
for h 2 f0, 
Hence,
Since 3 is exact and I 1 ( 1 ) = , 1 g 2 1 , then last integrals vanish if and only if:
On the other hand, from Lemma 1
, where
where
Hence, integrating by parts:
, where . 
If we define z 1 , z 2 : ]0, 1[ R ! R + by: 
which implies lim r!0 , h(r) = +1 and lim r!0 + h(r) = ,1. Now we study 
where Γ is the classical Gamma Function given by:
n!n a a(a + 1)(a + 2) ( a + n ) n 2 N , a 2 C , f,1, ,2, : : : g .
For more details about the Gamma Function see [18] . Then lim r!,1 h(r) = +1
and lim r!+1 h(r) = ,1. 
From (7), rh 2 (r) 0, 8r 2 R , and so, using (6) h 1 (r 0 ) (11) where p 1 (r) and q 1 (r) are certain polynomial functions.
With the aid of the above symbolic computation programs once again, we get:
As Resultant( p 1 (r), p 0 1 (r), r) 0 then p 1 (r) has exactly two real roots y 0 , y 1 . Furthermore the coefficients of p 1 (r) are positive, which implies that both y 0 , y 1 are negative. Moreover one has: p 1 ( (12) where f 1 (r) = In particular, f 2 (r) 0, 8r 2 R . To study lim r!0 f (r), we need lim r!0 f 1 (r). For, observe that
and thus from Lemma 1: 
f 2 (r).
Take r 0 2 R such that f (r 0 ) = 0. Then (12) gives f 2 (r 0 ) = e 0 2r f 1 (r 0 ), and so, from (12) , (15) and (16):
where p 2 (r) is certain polynomial function.
Remember that from (14), f 2 (r) 0, r 2 R + . Observe now that rf 1 (r) 0, r 2 R . If f 1 (r 1 ) = 0, then (15) (12) ) that:
Hence, if f 1 (r 1 ) = 0 then there exists r 2 2 R , r 2 6 = r 1 satisfying r 1 r 2 0 and f 1 (r 2 ) = 0, which is absurd. So, f 1 has no real roots and rf 1 (r) 0, r 2 R .
On the other hand, the coefficients of p 2 (r) are positive, and so p 2 (r) 0,
With the aid of a symbolic computation program once again, we get: . Therefore, it is not hard to deduce that f has at most four roots lying in the set fs 1 , s 2 , z 0 , z 1 g. To finish the proof, we observe that f (z 0 ), f (z 1 ) 6 = 0. First, using (12) , (15) and (16) f 1 (r 0 ), (17) for a certain polynomial function q 2 (r).
On the other hand, reasoning as in Theorem 1, it is clear that f (z 0 ) = 0 implies f 0 (z 0 ) = 0 and f 00 (z 0 ) 0 (z 0 must be a local maximum!). Analogously, f (z 1 ) = 0 yields f 0 (z 1 ) = 0 and f 00 (z 1 ) 0.
However, Resultant( p 2 (r), q 2 (r), r) 0, and so q 2 (z 0 )q 2 (z 1 ) 0. Since one checks q 2 (0) 0, we get that q 2 at has at least one root lying in ]z 0 , z 1 [, and another one in ]0, +1[. As one has p 2 (
0, we deduce that 
where (Q) = card (H Q ). Therefore,
Thus, the Riemann-Hurwitz formula once again gives:
We deduce that
divides to d and: Riemann-Hurwitz formula once again gives:
Suppose there exists two points
Hence, m i divides to d, i = 1, 2, and:
Since m i divides to If n is even, the minimal immersions y 0 i : M 00 2 n,1 s i ! R 3 , given in Theorem 2.
In the first possibility, the case m = 1 can be considered and corresponds to the surfaces exhibited by the authors in [13] . DEPARTAMENTO 
